Interaction between Rydberg atoms can significantly modify Rydberg excitation dynamics. Under a resonant driving field the Rydberg-Rydberg interaction in high-lying states can induce shifts in the atomic resonance such that a secondary Rydberg excitation becomes unlikely leading to the Rydberg blockade effect. In a related effect, off-resonant coupling of light to Rydberg states of atoms contributes to the Rydberg anti-blockade effect where the Rydberg interaction creates a resonant condition that promotes a secondary excitation in a Rydberg atomic gas. Here, we study the light-matter interaction and dynamics of off-resonant two-photon excitations and include two-and three-atom Rydberg interactions and their effect on excited state dynamics in an ensemble of cold atoms. In an experimentally-motivated regime, we find the optimal physical parameters such as Rabi frequencies, two-photon detuning, and pump duration to achieve significant enhancement in the probability of generating doubly-excited collective atomic states. This results in large auto-correlation values due to the Rydberg anti-blockade effect and makes this system a potential candidate for a high-purity two-photon Fock state source. arXiv:1912.05675v1 [physics.atom-ph] 
I. INTRODUCTION
Strong interactions between atoms excited to their highlying Rydberg states opens up many possibilities in quantum nonlinear optics [1] and atom-based quantum information processing [2] . This stems from the increased transition dipole moment between neighboring Rydberg states and the stability (long lifetime) of Rydberg states due to the declining overlap between Rydberg and ground electronic wavefunctions [3] . Mapping photons onto Rydberg states of atoms enables implementation of photonic entangling gates [4] [5] [6] [7] [8] [9] . The most notable effect observed in optical excitation to Rydberg states is the Rydberg blockade effect where one Rydberg atom shifts the energy levels of neighboring atoms such that they are no longer resonant with the driving field and no further atoms can be excited in this volume. Individually trapped atoms in highlying Rydberg states together with the Rydberg blockade effect provides a platform for simulation of many-body quantum dynamics [10] [11] [12] . The Rydberg blockade effect in atomic ensembles allows one to access a collectively-enhanced lightatom coupling with an effectively isolated two-level system. This has applications in generating single photons [13] [14] [15] , quantum nonlinear optics effects [16] , strong interactions between photons [17] [18] [19] [20] [21] [22] , and the development of quantum repeaters [23] .
The distance-dependent Rydberg-Rydberg interaction offers a playground to study many-body dynamics and correlation of Rydberg excitations in atomic ensembles [24, 25] . Offresonant driving of electronic transitions to Rydberg states of atoms can result in the Rydberg anti-blockade effect where the Rydberg interaction leads to preferential 2-atom excitation at a certain pairwise distance between atoms [26] . Under such conditions, the Rydberg excitation dynamics can be significantly modified and exhibit non-classical statistics. Measuring the ionization signal from a Rydberg atomic gas has enabled experimental observation of the Rydberg antiblockade effect [27, 28] , however, important questions like the op-timal parameter regime to observe antiblockade, or whether it is possible to observe a signature of Rydberg antiblockade in transmitted photon statistics, remains open.
Exact treatment of the many-body Rydberg excitation dynamics is intractable. A perturbative approach to Rydberg excitation dynamics uncovers non-classical correlations and the distance-dependence of these correlations [24] . Considering the collective states of Rydberg atoms has explained experimental observation of many-body correlations [28] . However, these approaches are limited in their capability of finding optimal experimental conditions or in including the effect of average atomic distance (atomic density) to reach the Rydberg anti-blockade condition needed to prepare high-purity excited states of the Rydberg gas.
In this work, we use exact numerical solutions to the Bloch equations of interacting two-atom and three-atom systems sampled from many possible configurations in a gas of about 1000 atoms in a dipole trap. This enables us to study Rydberg excitation dynamics and find optimal values for experimental parameters that maximize two-atom excitation probabilities accompanied by large auto-correlation values resulting in high-purity states. In the remainder of the manuscript, we first describe our scheme and model; see sections II and III. In section IV, we demonstrate our results for two-photon excitation of Rydberg atoms under conditions similar to the Raman transition or Electromagnetically Induced Transparency (EIT). Finally, we show optimal conditions such as pulse durations, detuning, and single-atom Rabi frequencies and their effect on two-and three-atom excitation probabilities and the Rydberg-Rydberg correlations. Our approach paves the way to engineer Rydberg atom ensembles for generating non-classical states of light, such as Fock states of n = 2. This approach could be optimized to reach low order Fock states of n = 3, or n = 4.
II. SCHEME
We consider a gas of ultracold Rb atoms in a dipole trap and aim to address the nS Rydberg states via a two-photon transition; see Fig. 1 . This can be achieved by resonant ( Fig. 1(b) ), or off-resonant ( Fig. 1(c) ) coupling to an intermediate electronic state of Rb atoms. We refer to these cases as electromagnetically induced transparency (EIT) and Ramantype coupling, respectively. Atoms excited to their Rydberg states interact with neighboring atoms at moderate distances through the Van der Waals interaction [2, 3] . Simplifying a pair of Rydberg atoms to the two ground and two Rydberg states driven by an effective coupling, Ω(t), allows us to consider a two-atom system with four states that include a global ground state, two degenerate single-atom excitations, and a doubly excited Rydberg state; see Fig. 1(d) . As it is shown in Fig. 1(d) , single Rydberg excitations are off-resonant with respect to the effective (ground to Rydberg) coupling. Nevertheless, there is a non-zero probability to generate a singleatom excitation through off-resonant scattering. In a noninteracting system, the probability of generating a secondary excited atom scales as the square of the probability of generating one excited atom. However, at a certain inter-atomic distance, the Van der Waals interaction can generate a resonant condition such that doubly-excited states of the two-atom system are more likely to be reached. This satisfies the Rydberg anti-blockade conditions which will depend on laser detunings, intensity, and Rydberg interaction strength at the average inter-atomic distances in the atomic gas.
III. MODEL
Since the Rydberg-Rydberg interaction strength varies significantly with distance between every two atoms, it is essential to include these variations in finding the optimal condition for the Rydberg anti-blockade effect. To this end, we place 1000 atoms at random positions in a cloud of 14µm × 14µm × 14µm, as shown in Fig. 1(a) . Note that the density of the gas follows an experimentally-relevant distribution in space. We take two distinct approaches to considering the varying effect of atom-atom interaction. The first approach is to randomly sample from the atomic cloud, calculate the Rydberg excitation dynamics for each instance, and average over the resulting probabilities. The accuracy of this approach increases by increasing the number of instances. The second approach, on the other hand, extracts a probability density distribution for pairwise distances of two-atom ( Fig. 2(a) ) and three-atom ( Fig. 2(b) ) configurations. We can then use these probability density distributions to average over Rydberg excitation dynamics outcomes of all possible two-atom and three-atom configurations in the cloud. To calculate the probability of a two-atom excitation, P 2 for example, with P DF (R) being the probability distribution function of pairwise distance between two atoms (shown in Fig. 2 ), we use P 2 = P 2 (R) * P DF (R)dR. Here, P 2 (R) is the probability of two atoms being excited to their Rydberg states at a distance R. This can be extended to 3 atoms, with a probability density function of three pairwise distances. In this case P 2 is given by
which will be used in Sec. IV(C) for three-atom Rydberg excitation dynamics.
We take a semi-classical approach to study the Rydberg excitation dynamics in the proposed system and treat the optical fields used to excite to nS states classically. This is justified as both of these field are assumed to be bright laser pulses. Within the rotating reference frame the multi-atom Hamiltonian can be formulated as
The Hamiltonian includes the Rabi oscillations that occur between |g , |e , the ground and intermediate states, and |e and the Rydberg state |r on each atom. The detuning from |r and |e levels are determined by the pump lasers. The last term in the Hamiltonian describes the Van der Waals interaction between two Rydberg atoms and is given by
C 6 is the Rydberg interaction coefficient associated with the Rydberg states we are addressing and R i j is the distance between atoms i and j. For two atoms, this can be simplified to
and H int = V 12 |r 2 |r 1 r| 1 r| 2 . To simulate the Rydberg excitation dynamics we numerically evaluate the time evolution of the density matrix using the master
We use the same formalism to account for decay from the intermediate state, |e . The Rabi frequencies, Ω 1 and Ω 2 , can vary both in position and time to account for the optical pulse envelope and a spatially-varying intensity. The Rabi frequency for each transition is given by Ω(r 0 , t) = µ * E(r 0 ,t) where E(r 0 , t) is the amplitude of the classical field at r 0 with respect to the center of the beam, and µ is the transition dipole of each transition.
In order to evaluate the Rydberg excitation statistics we define the following projection operator
|g...e...g...e N−n r i 1 ...r i 2 ...r i n n n r i 1 ...r i 2 ...r i n N−n g...e...g...e| that selects a subset of states with n atoms excited to their Rydberg states out of N atoms. This projection operator must include all combinations of N − n atoms in |g and |e states. For example in the two-atom case, for P 1 both |r |g and |r |e need to be considered. More explicitly Pro j 1 = |r |g g| r| + |g |r r| g|+|e |r r| e|+|r |e e| r|. The expectation values of this projection operator gives the probability of having one and only one Rydberg excitation; P 1 = Pro j 1 .
IV. RESULTS
In the case of addressing non-interacting atoms, the probability of generating doubly-excited states scales quadratically with the probability of generating a single excitation in the ensemble. This arises from the point that generating one excitation has no impact on atomic excitation dynamics when the system is far from saturation. Therefore, observing variations in P 2 /P 2 1 is an indicator for generation of non-classical statistics.
Below, we show our numerical results for generating nonclassical statistics in an atomic ensemble. We explicitly consider two-and three-atom Rydberg excitation dynamics and find the optimal experimental condition to observe nonclassical statistics arising from the Rydberg anti-blockade effect.
We numerically study two-and three-atom Rydberg excitation dynamics where each atom undergoes a two-photon transition to the 75S state; see Figs. 1(b) and 1(c). We separately find optimal conditions for two-photon transition under resonant and off-resonant conditions with respect to the intermediate state (|e ) which corresponds to single-photon detuning of ∆ = 0 and ∆ 0, respectively. We refer to these conditions as electromagnetically induced transparency (EIT) and Raman-type coupling.
A. Raman-type coupling
For our simulations, we use Rabi frequencies (Ω 1 ,Ω 2 ) with a Gaussian temporal envelope and a flat spatial profile,
where T FWHM is the full width half max of the pulse in time domain, and A i determines the peak Rabi frequencies. For most of our results R FWHM is taken to relatively large values to simulate a flat intensity distribution in the cross section of the pump interacting with the ensemble. The Rydberg-Rydberg interaction is given by
MHz× (µm) 6 for the 75S state. Fig. 3(a) shows steady state values for P 2 and P 1 in a twoatom system at various separations (5-20 microns) driven by two pulses. For small radius (R 7µm), |2δ − V i j | becomes very large, thus P 2 approaches zero. This is the blockade regime, acting as expected. For slightly larger R, the excitation probabilities reach a maximum around a resonant radius; this is the anti-blockade regime. As R is increased far beyond the resonant radius, the excitation probabilities slowly drop to their uncorrelated limits as V i j goes to zero for large R. As stated before whether blockade or anti-blockade occurs is determined by whether |2δ − V i j | grows or shrinks, with the optimal case occurring for 2δ = V i j . For this optimal case, the double excitation is in resonance, and this is the point for which the greatest value of P 2 /P 2 1 is achieved; see also Fig. 1(d) . Note that in case of non-interacting atoms P 2 P 2 1 . This is due to our definition P 1 and P 2 . As it can be seen in the definition of the projection operators P 1 is the probability of one and only one excited Rydberg atom. For small probabilities, one can show that P 2 /P 2 1 is approximately 1/4. Parameters such as pulse duration and amplitude affect the Rydberg excitation probabilities, its dynamics, and the purity of generating two-atom excited states. Results in Fig. 4 indicate that the P 2 /P 2 1 grows with increase in pulse duration, T FWHM . The interaction strength dictates to what extent P 2 can be increased without affecting the P 2 /P 2 1 ratio. Modification of the pump pulse duration influences two competing factors of the anti-blockade when we consider the radius graphs ( Fig. 4(a-c) ). First, a larger T FWHM yields a narrower pump beam in the frequency domain, and thus less overlap between energy levels that are not exactly at resonance. This is exemplified by a decrease in the width of the optimal inter-atomic distances that show the anti-blockade effect in Figs. 4(a-c) . Second, peak value of the excitation probability at resonance increases with increasing pulse area of the Ω, and hence increases for larger values of T FWHM . We find the optimal pulse duration that maximizes the P 2 /P 2 1 ratio to occur around 0.5 µs. For a fixed ratio of about 100, a pulse duration of 0.38 µs maximizes the P 2 ; see Fig. 3 . Fig. 4(c) features two peaks in the double-excitation probability as a function of inter-atomic distance. This highlights two separate excitation pathways. These peaks are associated to inter-atomic distances where δ = V i j and 2δ = V i j which shows excitation through exciting |gr or |rg states and direct excitation to the |rr state, respectively. Increasing the pulse duration gives us enough spectral resolution to resolve these two separate excitation pathways. The effect of T FWHM becomes apparent when one looks at Fig. 4(d) . For small T FWHM , there is a clear P 1 dominance. At these short pulse duration values the pump fields are broad enough to directly excite single Rydberg excitations without allowing significant double excitations. For a longer duration of the pump pulses P 2 will dominate and P 1 will rapidly fall with an onset of non-classical statistics around 0.3 µs. As we mentioned earlier, with fixed peak field amplitudes the pump pulse area and spectral overlap of the pump with atoms at various distances become competing factors to determine the optimal pulse duration. These factors will yield a continually higher P 2 /P 2 1 as T FWHM increases, after which the shrinking width of the anti-blockade will overcome the increasing amplitude and cause P 2 /P 2 1 to shrink. It is also optimal to set the T FWHM to correspond to this optimal value of the ratio P 2 /P 2 1 , even if it is at the expense of a lower P 2 value.
We also considered the probability of exciting the intermediate state, |e , in the two-photon excitation process. Given the single-photon detuning of ∆ = 100 MHz, P e appears to remain constant. In general, we would like to avoid populating the intermediate state. This is to avoid noise at a potential retrieval where the Rydberg excitations are converted back to photons through |e → |g transition by re-applying the control field (Ω 2 ). This will help to confirm generation of non-classical Rydberg excitation statistics by measuring autocorrelation values of recovered photons [21] .
Finding optimal experimental conditions to reach non- classical Rydberg excitation statistics is not limited to pulse duration. In particular, optimizing the excitation probability involves finding optimal values for pump field intensities. For both Ω 1 and Ω 2 , increasing the amplitude decreases P 2 /P 2 1 ratios and increases the excitation probability, P 2 . These are competing requirements, however, as it can be seen in Fig. 5 , for any given P 2 /P 2 1 ratio, one can find optimal Rabi frequency values that maximizes the excitation probability, P 2 . The effect of pump field amplitudes on the ratio are not symmetric. The optimal range is such that Ω 2 > Ω 1 , with a maximized Ω 2 . To achieve a high P 2 along with a high P 2 /P 2 1 , Ω 1 must be decreased, while increasing Ω 2 .
B. Electromagnetically induced transparency
In this subsection we focus on two-photon excitation dynamics through resonant coupling to the intermediate state, |e . This is often referred to as Electromagnetically induced transparency (EIT) and has been experimentally demonstrated with two-photon coupling to Rydberg states of atomic ensembles [29] . By turning the control field (Ω 2 ) off adiabatically, population can be transferred from ground to the Rydberg state of the atoms. We achieve this using the error function for the temporal profile of the control field (Ω 2 ) combined with a Gaussian pulse for the first pump field denoted by Ω 1 . This will allow us to adiabatically turn off the control field that will result in generating excitation in the Rydberg states of the atomic ensemble. For our numerical results, we use Ω 2 (t) = A 2 * erf −(t − T FWHM ) * √ θ t ) * 100 + 1 /2 along with a Gaussian pulse for the first pump field (Ω 1 ). Below, we search for optimal conditions for the Rydberg anti-blockade under resonant coupling; see Fig. 1(b) .
The effect of increasing the pulse duration, T FWHM is similar to that of Raman coupling. As shown in Fig. 6(a-c) the longer pulse duration results in higher peak probability of excitation at the optimal distance. However this is accompanied by a narrower range (shell) of atoms contributing to the doubly excited state. The optimal pulse duration is about 0.36 µs. Fig. 4 (c) shows a double peak feature that is associated to different excitation pathways. This effect also appears under EIT conditions with significantly lower visibility than the Raman coupling case. This is due to two factors. First the detuning from the Rydberg state is δ = 50 MHz in results shown in Fig. 6 . This means that the excitation pathway through exciting |gr and |rg states is not spectrally covered (accessible) with these pulse durations. Second, Peak Rabi frequencies of the pump pulses are slightly lower than the Raman results. This will limit the probability of off-resonant coupling to |gr and |rg states. Mapping P 2 and P 2 P 2 1 ratio as a function of Ω 1 and Ω 2 allows us to find the optical condition for Rydberg anti-blockade effect to result in a high-purity two-atom excitation under resonant coupling. Similar to the previous case, shown in Fig. 5 , there is a trade-off between probability of generation (P 2 ) and purity (P 2 /P 2 1 ). However, for EIT the effect of the amplitudes of the Rabi frequencies is significantly different to that of Raman. As it can be seen in Fig. 7 , the optimal conditions can be reached at lower values for Ω 2 . This is in particular a more favorable result as reaching large Rabi frequencies on the |e → |r transition can be challenging due to increasingly weak transition dipole elements. Fig. 4. (b) Demonstrates results for Rydberg anti-blockade under the optimal conditions for resonant coupling (EIT); see Fig. 6 . These simulations use the grid integration method described above with P DF shown in Fig. 2(b) .
C. Higher number of Atoms
One of the applications we envision for generating this type of atomic states is to create a source of non-classical photons. Our results so far demonstrate that Rydberg excitation dynamics can be modified to show highly non-classical statistics. Another application of the control field, Ω 2 , would allow us to convert these atomic excitations to photonic Fock states. However, given that such conversion is inherently lossy, we need to quantify the probability of exciting higher number of atoms and show that it remains limited. The simulation of multi-atom Rydberg excitation dynamics can be performed for up to about 10 atoms. However, sampling from all possible spatial configuration gets increasingly difficult. In this subsection, we use the probability density function shown in Fig. 2(b) and study three-atom Rydberg excitation dynamics; see Fig. 8 .
As demonstrated in Fig. 8 , under both off-resonant and resonant pumping, the probability of excitation three Rydberg atoms, P 3 , remains significantly smaller than P 2 . This ensures that high-purity Fock states of n = 2 can be reached in Rydberg atomic ensembles.
Using the same physical parameters found in two-atom simulations, Fig. 8(a) and (b) show that probability of threeatom excitation of P 3 = 2.34 × 10 −6 and P 3 = 2.02 × 10 −6 , respectively. These values are slightly higher than the P 3 values of a non-interacting system under similar conditions. However, in both cases, P 3 is about two orders of magnitude smaller than the corresponding two-atom excitation probabilities.
V. DISCUSSION
Predicting multi-atom excitation dynamics in an interacting system of Rydberg atoms is intractable. Considering random positions of atoms in an atomic cloud adds another layer of complication. Different approaches have been taken to predict regimes of non-classical Rydberg excitation statistics [24] [25] [26] which led to experimental observation of the Rydberg anti-blockade effect [27, 28] and quantum nonlinear optics [21, 22] . In this work, we explored the effect of experimentally controlled parameters such as pulse duration, detuning, and amplitudes, to find the optimal conditions leading to highly non-classical Rydberg excitation statistics. We numerically studied two-atom and three-atom Rydberg excitation dynamics averaged over many possible spatial configurations for a could of 1000 atoms in a dipole trap. Our approach allowed us to consider spatial effects associated to the density of atoms and spatial variations in the driving fields. The effect of atomic density manifests itself indirectly by finding the right Rydberg level and two-photon detuning that will optimize the Rydberg anti-blockade effect. We also explored spatial variations of the pump, for example, due to using orbital angular momentum modes of light. The results are not explicitly discussed here in the manuscript as we observe no significant impact on the outcomes such as Rydberg excitation probabilities. This is primarily due to random positioning of the atoms in the cloud.
We show that one can achieve non-classical Rydberg excitation statistics with auto-correlation values up to 1000 using both off-resonant and resonant driving fields. Our approach can be used to guide experimental efforts in demonstrating such Rydberg excitation dynamics and to convert these excitations to generate photonic Fock states.
